If A is a ring, we denote by S = S(j4) the set of all primitive ideals of A. A topology may be defined on S in the following way: For 3Q §>, the closure of 3 in S is the set of all P& such that P3fl3. With this topology, S is the structure space [4] of A. It is well known that if A has a unit element, then S is compact [4; 5, p. 208]. Moreover, M. Schreiber [7] has recently observed that if every (two-sided) ideal of A is finitely generated, then S is again compact. However, since the condition that A have a unit element neither implies nor is implied by the condition that every ideal of A be finitely generated, it is clear that neither of these conditions is necessary in order that S be compact. In Theorem 2 of the present note we present a condition that is both necessary and sufficient for the compactness of S. The sufficient conditions already cited are both immediate consequences of our result. Although a direct proof of Theorem 2 can easily be formulated, we have chosen to obtain Theorem 2 as a consequence of a general lattice-theoretic result which we state as Theorem l.1 1. A lattice-theoretic result. The appropriate setting for the present discussion is a family £ of sets that forms a complete lattice relative to set inclusion. The lattice operations of join and meet in £ will be denoted by V and A ; the symbols U and H will be reserved for set-theoretic union and intersection.
A lattice-theoretic
result. The appropriate setting for the present discussion is a family £ of sets that forms a complete lattice relative to set inclusion. The lattice operations of join and meet in £ will be denoted by V and A ; the symbols U and H will be reserved for set-theoretic union and intersection.
If S is a fixed subset of £ and if 3ÇIS, then the closure 3~ of 3 in S is the set of all P£S such that P2A3. If 3ÇS, then 3 is closed in case 3 = 3_, and S is compact in case each family of closed subsets of S having the finite intersection property has a nonempty intersection (cf. [6, p. 780 
]).
Remark. The mapping 3-->3_ is, in any event, a closure operation [l, p. 49] on the subsets of S. The case of greatest interest, however, is that in which each P£S is strongly irreducible [2] in the sense that (i) P is not the unit of £ and (ii) for every B and C in £, B ACÇZP only if either BQP or CQP. In this case the mapping 3->3_ is a FCV{Aff":aGÍ>}, from which it follows that Djir«: «£$>} = 0.
Therefore S is compact. Conversely, suppose that S is compact and that £ satisfies (II). Let B be an element of £ with the property that B%.P for every P E S. From (II) it follows that for each x£ll£ the set ff» = {PG §: x£P} is closed in S. Moreover, it is clear that H {íFx: x£P} = 0 so that, by the compactness of S, C\{ïïx: xE:F} =0 for some finite subset F of B. From this it is immediate that FQP for every P£S, and we conclude that £ satisfies (III). The proof is now complete.
Remarks. (2) If SÇ£ and if m is any infinite cardinal, then S is (m, <»)-compact (cf. [3] ) in case for each family {ffa: a£ß} of closed subsets of S having empty intersection there is a subset <J? of Q with card ilra and n{3r«: aG^j = 0-(For example, if S is an (fc$0, oe)-compact set of strongly irreducible elements, then S is a Lindelöf space.) We remark that Theorem 1 still holds if we replace, in its statement, "compact" by "(m, oo)-compact" and "finite subset F" by "subset F of cardinality ^m." The proof requires only trivial modifications; in particular, in its first paragraph we must use the fact that if a set <P is a union of m or fewer finite sets, then card <P^m.
(3) Neither of the two hypotheses, in either of the two assertions of the theorem, can be omitted. This is shown by the following three examples : Example 1. Let A be a ring whose structure space S is not compact and let £ be the lattice of ideals of A. Then £ satisfies (I) and (II) but not (III).
Example 2. Let X be an infinite compact Hausdorff space, let £ be the lattice of all open subsets of X, and let S be the set of all strongly irreducible elements of £. Then S is precisely the set of all complements of points of X and the mapping x-*X-{x} is a homeomorphism of X onto S [2, Theorem 2.8]. Then S is compact, and, as is readily seen, £ satisfies (I) but neither (II) nor (III). =0. Let £ be the lattice consisting of C (7) together with all intersections of maximal ideals of C(7) (an alternative description: £ is the lattice of all uniformly closed ideals of C (7)), and let S = {Mx : 0 ^ x < 1}. As is well known, the mapping x->Mx is a homeomorphism of / onto the space of all maximal ideals of C(I). It follows that S is not compact and that £ satisfies (II) and (III) but not (I). Theorem 2. Let A be a ring and let S be the structure space of A. Then S is compact if and only if for each ideal B in A such that A /B is a radical ring, B contains a finitely generated ideal I such that A/I is a radical ring.
It is clear from Theorem 2 that if every ideal of A is finitely generated, then S is compact [7, Theorem 2] . On the other hand, if S is compact, then A/I is a radical ring for some finitely generated ideal I, from which it follows [5, p. 206] that S(4) is homeomorphic to S (I); this is Theorem 3 of [7] .
An important class of rings consists of those rings A such that no nonzero homomorphic image of A is a radical ring. For such a ring, the condition set forth in Theorem 2 is equivalent to the condition that A itself be generated, as an ideal, by a finite number of elements. We therefore have the following corollary:
Corollary.
Let A be a ring with the property that no nonzero homomorphic image of A is a radical ring and let S be the structure space of A. Then S is compact if and only if A is generated, as an ideal, by a finite number of elements.
If A has a unit element, then no nonzero homomorphic image of A is a radical ring and we conclude that S is compact.
We remark that there exist rings A with the property that S04) is compact but such that A does possess a nonzero homomorphic image that is a radical ring. To see this, let B be a semi-simple ring such that S(P) is compact, let R be a (nonzero) radical ring, and let A be the direct sum B ®R. Since R is the radical of A, it follows [5, p. 205] that S(^4) is homeomorphic to &ÍA/R), and the latter is in turn homeomorphic to S(5).
